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a b s t r a c t
This work deals with numerical solution of unsteady flow in turbine stage. We use models
of compressible single-phase flow of air and two-phase flow of wet steam. Presented
numerical methods are based on different stator-rotor matching algorithms, as well as
different numerical schemes. Numerical results achieved by bothmethods and flowmodels
are discussed.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
It is generally difficult to specify flow field parameters (boundary conditions) at the inlet and the outlet of a single turbine
cascade due to upstream and downstream located structures, see e.g. [1]. Therefore, it is interesting to couple several
cascades together, and the flow field at the interfaces is then the result of numerical simulation. Of course, this coupling
can provide much more information about, e.g. blade forces, clocking etc. Different coupling techniques from mixing plane
to fully unsteady interaction, are being used. This paper is aimed at fully unsteady interaction between stator and rotor.
We have developed two finite volume methods. The first method has a relatively simple stator-rotor matching algorithm
implemented into already existing in-house 2D finite volume code based on the Roe approximate Riemann solver for general
unstructured grids, which has been previously verified and used to compute one-phase transonic flow in various single
turbine cascades, see e.g. [2]. The second method has been created from the in-house Lax-Wendroff finite volume code for
two-phase flow of condensing steam by addition of Giles’smatching algorithm [3], which has been already successfully used
for one-phase stator-rotor interaction in high pressure turbine stage, see [1].
2. Governing equations and problem formulation
Both flow models are given by the set of PDE’s of the form
∂tW = −∂xF− ∂yG+ Q, (1)
where the 2D flow of perfect gas described by the Euler’s equations, further referred as one-phase flow model, is given by
vectors
W = [ρ, ρu, ρv, e]T , F = [ρu, ρu2 + p, ρuv, (e+ p)u]T ,
Q = [0, 0, 0, 0]T , G = [ρu, ρvu, ρv2 + p, (e+ p)v]T , (2)
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and the closure is p = (γ − 1)[e − ρ(u2 + v2)/2]. The symbol ρ denotes density, u and v velocity vector components,
p pressure, e total energy per unit volume and γ specific heat ratio. The next model describes flow of mixture containing
vapor and condensed droplets, and it is referred as two-phase flow model. We consider a convection of droplets by vapor.
The governing equations consists of Euler’s equation for the mixture and transport equations for parameters of droplet
spectra (Hill’s moments, Q0, Q1 a Q2, see [4]), so the vectors are
W = [ρ, ρu, ρv, e, ρχ, ρQ2, ρQ1, ρQ0]T ,
F = [ρu, ρu2 + p, ρuv, (e+ p)u, ρχu, ρQ2u, ρQ1u, ρQ0u]T ,
G = [ρu, ρvu, ρv2 + p, (e+ p)v, ρχv, ρQ2v, ρQ1v, ρQ0v]T ,
Q =
[
0, 0, 0, 0,
4
3
pir3c ρlJ + 4piρQ2 r˙ρl, r2c J + 2ρQ1 r˙, rc J + Q0ρ r˙, J
]T
,
(3)
where ρ now denotes the mixture density, u and v velocity components common for both vapor and liquid, p the common
pressure, e the total energy per unit volume, χ wetness (i.e. the mass fraction of liquid). The system of equations is closed
by the equation for pressure according to Šejna [5]
p = (γ − 1) (1− χ)
1+ χ(γ − 1)
[
e− 1
2
ρ(u2 + v2)+ ρχL
]
, (4)
with L denoting the latent heat of condensation and the specific heat ratio γ is here taken as a function of temperature. The
Hill’s moments are
Q0 = N, Q1 =
N∑
i=1
ri, Q2 =
N∑
i=1
r2i , r =
〈
0, χ ≤ 10−6√
Q2/Q0, χ > 10−6,
(5)
with N denoting the total number of droplets per unit mass of mixture, ri the radius of i-th droplet and r is the average
radius. The limit value 10−6 is chosen to stabilize numerical algorithm. The number J of new condensed droplets per unit
volume and per second is based on Becker’s work [6]
J =
√
2σ
pim3v
· ρ
2
v
ρl
· exp
(
−β · 4pir
2
c σ
3kBTv
)
, rc = 2σ
ρlRvTv ln(p/ps)
. (6)
The new droplet has radius equal to rc . The vapor density is ρv = (1 − χ)ρ. The vapor temperature is calculated using a
perfect gas law Tv = pρvRv . The value of surface tension σ is corrected by the coefficient β , for further details see [7]. The
droplet growth is given by
r˙ = λv(Ts − Tv)
Lρl(1+ 3.18 · Kn) ·
r − rc
r2
, Kn = νv ·
√
2piRvTv
4rp
. (7)
The remaining symbols are: water molecule mass mv , Boltzman constant kB, saturation pressure ps, vapor gas constant
Rv , vapor thermal conductivity λv , saturation temperature Ts, water density ρl and vapor kin. viscosity νv . Let’s consider
computational domain unbounded in vertical direction, see the Fig. 1 on the left. The stator subdomain Ωs has inlet
boundary Γi and interface boundary Γc and the rotor subdomain Ωr has interface boundary Γc and outlet boundary Γo.
The equations are solved in the coordinate system attached to the respective blade cascade. Fixed values of total pressure,
total temperature and the flowdirection are specified atΓi (inlet axial velocity for all presented cases is subsonic). A constant
value of pressure is given at Γo (outlet axial velocity is again in all presented cases subsonic), because steady non-reflecting
boundary conditions already implemented in both codes fail for unsteady stator-rotor interaction. The continuity of solution
(in common frame of reference) is considered along the curveΓc . To respect the different pitch of both cascades and to avoid
complicated algorithms like, for example, time inclination plane of Giles [3] we apply a commonly used multiple blade
channel domain withmPS = nPR, where PS and PR are stator and rotor pitch andm and n are small integers, see the example
in the Fig. 1 on the right, then the periodicity conditions are simplyW(A) = W(B) andW(C) = W(D).
3. Numerical method I
The method I is a cell-centered finite volumemethod for unstructured triangular mesh with non equal number of points
along both sides of interface Γc , see the Fig. 2 left. The line integral from finite volume formulation is approximated on each
cell face in one Gauss point. A numerical flux is computed by the modified Roe approximate Riemann solver [8].∫
c
[F(W)nx + G(W)ny]ds ≈ l F˜(WL,WR, nx, ny), (8)
2338 J. Halama et al. / Journal of Computational and Applied Mathematics 234 (2010) 2336–2341
Fig. 1. Computational domain for stage (left) and periodicity treatment (right).
Fig. 2. Method I: Interface between stator and rotor subdomains (stator is on the left).
Fig. 3. Matching algorithm for method II, grid reconnection (left) and point correspondence (right).
where F˜ is thenumerical flux in the face center and l is the length of cell face andWL,WR are approximations of the solution on
the left and right side of face. Higher spatial accuracy is achieved using linear reconstruction with Barth limiter [9]. Gradient
of solution in each element is computed by the least square method. Temporal discretization is based upon explicit TVD
Runge–Kutta method [10]. Details about the method I can be found e.g. in [2]. Rotor subdomain moves with the constant
velocity (0, vrotor) with respect to stator subdomain. The matching algorithm is based on a simple linear interpolation of
‘missing right states’. The right stateWR in the center of face of i-th stator cell coinciding with the interface Γc is denoted
in the Fig. 2 as WRij and is computed using the value Wj and the gradient of W in the j-th cell. Of course, the values have
to be properly recomputed from relative frame into the absolute frame of reference. The right stateWRji for the summation
of numerical fluxes in the j-th rotor cell is computed analogously. Although this technique is slightly non-conservative,
practical tests have not shown any problems.
4. Numerical method II
The method II uses structured quadrilateral H-type grid. It is based on the Ni’s cell-vertex scheme [11] stabilized by a
conservative artificial viscosity terms of Stringer [12]. The computational grid has equally distributed points along both
sides of Γc and, therefore, the stator and rotor grids are connected directly. The relative movement of stator and rotor is
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Fig. 4. NASA HP turbine stage, pressure isolines at three successive moments during rotor shift of one rotor pitch, upper row method I and lower row
method II.
provided by a deformation of one cell column. The grids are periodically reconnected in a proper time to prevent excessive
cell deformation, see the Fig. 3(left). This technique was originally proposed by Giles [3]. Thanks to direct grid connectivity,
the finite volumes along the interface Γc do not differ from those inside the domain. The stator and the rotor grids are
overlapped over three cells due to method stencil, see the Fig. 3(right). The point Bs is ‘the last’ point in the stator for which
we construct a finite volume (denoted by grey color) and similarly ‘the first’ one for the rotor’ is the point Cr . The solution
from points Cr and Dr is transferred after each time step into ‘ghost’ points Cs and Ds and similarly the information from
As and Bs is transferred into ‘ghost points’ Ar and Br . The only modification of scheme is due to the cell movement, i.e. the
integral of time derivative ofW in the finite volume formulation has the form∫∫
V
∂tWdV = ∂t
∫∫
V
WdV −
∮
∂V
WEu∂V En∂Vds, (9)
where Eu∂V is the velocity of finite volume boundary.
5. One-phase stator-rotor interaction in HP gas turbine stage
The first presented case is 2D one-phase flow at the midspan (cylindrical cut at diameter d = 0.4699 m) of NASA HP
gas turbine stage [13]. We consider a computational domain with 3 stator and 5 rotor blade channels, i.e. the original
number of 36 stator and 64 rotor blades has been slightly modified. The computed case is given by the inlet total pressure
p0 = 101 300 Pa, the inlet total temperature T0 = 288.2 K and the axial flow direction at the inlet. The outlet pressure is
p/p0 = 0.225. The rotor runs at 8081 RPM. The gas constant for air is R = 287 J kg−1 K−1 and the specific heat ratio γ = 1.4.
Numerical results, in the form of pressure isolines, are plotted in the Fig. 4. The flow field upstream the stator throat is steady
since the stator cascade is choked. Both numerical algorithms provide a continuous solution across the stator-rotor interface.
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(a) 1-phase, p/p0, t = t1 . (b) 2-phase, p/p0, t = t1 . (c) 2-phase, χ, t = t1 .
(d) 1-phase, p/p0, t = t2 . (e) 2-phase, p/p0, t = t2 . (f) 2-phase, χ, t = t2 .
Fig. 5. Steam turbine stage, isolines of denoted variables at denoted time, method II.
The results of both methods are in overall good agreement. Besides expected interaction of trailing edge shocks with rotor
blades, we also observe an upstream traveling reflection of right running trailing edge shock. Shock waves obtained by the
method II are not so sharp as the ones captured by the method I, since method II is more dissipative.
6. One- and two-phase flow in HP steam turbine stage
The computational domain of HP steam turbine stage consists of 4 stator and 7 rotor blade passages, it corresponds to
the stage with 32 stator and 56 rotor blades, which is an approximation of real existing stage with 32 stator and 54 rotor
blades. Each blade passage was discretized by a H-type grid with 131× 113 points per one stator and 138× 65 points per
one rotor blade passage, i.e with the total number approx. 1.2× 105 points in the whole domain. For the first computations
were chosen following boundary conditions: inlet total pressure p01 = 78 390 Pa, inlet total temperature T01 = 338.0 K and
axial flow direction at the inlet. The outlet pressure is p2 = 78 390 Pa. The rotor runs at 3000 RPM.We consider the constant
specific heat ratio γ = 1.32. The inlet total pressure to outlet pressure ratio corresponds to real stage conditions. Values for
boundary conditions were chosen with respect to previously computed cases of two phase flow in nozzles, and in order to
keep the start of condensation inside the computational domain. We recognize two cases: the first, where the condensation
is ‘artificially switched off’, i.e. only vapor flow with no influence through the latent heat extraction or addition. This case
is referred as one-phase flow. The second case, referred as two-phase flow, takes into account the condensation terms and
models the effect of extraction or addition of latent heat to the flow. Numerical results of one-phase and two phase flow
cases are plotted in form of pressure andwetness isolines for two timemoments, where at time t2 is rotor shifted about PR/2
with respect to t1, see the Fig. 5. The flow in turbine stage is subsonic, therefore the rotor cascade influences even the flow
at the stator inlet. This means a slower convergence to periodical solution compared to typical transonic cases with choked
stator. The two consequent pressure distributions along stator and rotor blade are plotted in the Fig. 6. It is well visible that
pressure fluctuations travel upstream up to the stator inlet and that pressure fluctuations are stronger in the rotor cascade,
as one would expect. The heat released by condensation in the two-phase flow case results in slightly different pressure
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(a) stator at time t and t + TS/2. (b) rotor at time t and t + TR/2.
Fig. 6. Pressure along the blade at given time (TS and TR are the stator and rotor basic periods respectively). One-phase flow denoted by dashed line and
2-phase by the full line.
distribution compared to the one-phase flow case, see the Figs. 5 and 6. The two-phase flow case is more sensitive on the
implementation of outlet boundary condition. We had to modify the former realization of the outlet boundary condition
developed for one-phase flow,whichwas based on the extrapolation of conservative variables fromdomain to boundary and
correction of energy to match given pressure. A new version extrapolates the primitive variables to suppress temperature
oscillations at the outlet, since the unsteady two-phase flow is very sensitive to temperature changes.
7. Conclusions
Both implemented stator-rotor matching algorithms work well for subsonic as well as transonic flow cases. The results
for twophase flow show importance of condensationmodeling also for subsonic flowof steam.We expectmuch pronounced
effect of latent heat addition/extraction in the case of transonic flow, which takes place, e.g. in LP steam turbines. The
unsteady results of two phase flow also showed a sensitivity of results to the the temperature oscillations.We had tomodify
the realization of outlet boundary condition to prevent unphysical oscillations of liquid mass fraction at the outlet.
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